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Multiple wave scattering on a bordered crystal.
Translation symmetry breaking and forbidden
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The interaction of a scalar wave (thermal neutrons) with a single Si crystal is
treated using Ewald’s self-consistent field method. Considering from the very
beginning the two-dimensional translation symmetry of the problem, the
reflectivities of allowed and forbidden reflections in the Bragg geometry valid
for both coplanar and non-coplanar cases are derived. It is shown that there
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1. Introduction

In the dynamical theory of diffraction of Bethe and von Laue
the intensity of the reflected beam is determined by the
structure factor (e.g. Authier, 2001; Rauch & Petraschek, 1978;
Sears, 1989). Reflections for which it takes zero value are
called forbidden and are of zero intensity. Based on the
Darwin approach and using a very artificial model of a single
ideal crystal with two identical atoms in an elementary cell,
Ignatovich et al. (1996) have shown that the forbidden
reflections are not absent but have a very small Darwin table
width (DTW). In the present paper we explore the problem of
forbidden reflections on a single silicon crystal utilizing the
Ewald dynamical diffraction theory [see original papers by
Ewald (1916," 1917) and a memorial volume for P. P. Ewald
(Cruickshack et al., 1992)]. The Ewald concept of the dyna-
mical diffraction theory in which the crystal is viewed as a
discrete system of scatterers, and thus yields a self-consistent
system of algebraic equations (Dederichs, 1972; Sears, 1989),
was developed and applied both to electromagnetic waves and
scalar waves (neutrons) in a series of our former papers (e.g.
Litzman & Rézsa, 1977; Litzman, 1978, 1980, 1986; Litzman &
Dub, 1982, 1990; Litzman et al., 1996; Dub & Litzman, 2005).
In Litzman (1986) the solution of the quantum-mechanical
Ewald equations was expressed in a lucid matrix form and
amplitudes of the diffracted waves were then obtained in well
arranged determinant forms. The general solution of the
diffraction problem found in Litzman (1986) may be applied
to a lattice with an arbitrary basis. But the resulting formulae
for diffracted waves in such a transparent form as derived for

! One hundred years ago, in early 1912, P. P. Ewald submitted his thesis
Dispersion und Doppelbrechung von Elektronengitter (Kristallen) which was
republished in Annalen der Physik in 1916 (Ewald, 1916). Thus our paper shall
also commemorate the 100th anniversary of the first essential contribution of
P. P. Ewald to the dynamical theory of diffraction.

exists a very narrow reflectivity peak of the forbidden reflection as a result of the
symmetry breaking due to a crystal surface.

the crystal with one atom per cell (Dub & Litzman, 2005) have
hitherto been obtained for a single atomic plane only (Dub &
Litzman, 2001b). The challenging case of a three-dimensional
lattice with a composite structure will be dealt with in the
present study.

The paper is organized as follows. In §2 we expose the main
ideas of the quantum-mechanical Ewald dynamical theory of
diffraction and recall the general solution of the multiple
scattering problem of scalar waves (neutrons) on a crystalline
slab obtained by Litzman (1986). In §3 our development is
applied to an ideal silicon crystal. The two-dimensional
translational symmetry of the problem leads to the plane-wise
summation yielding the dispersion relation with poles, the
positions of which are given by the geometry and wavelength
only. The confluence of two poles occurs if the Bragg condition
is satisfied. In §§4 and 5 the reflection of neutrons from a semi-
infinite single silicon crystal in the Bragg geometry is exam-
ined in the two-beam approximation and, in particular, in §5, it
is shown that there exists a very high reflectivity peak in the
forbidden reflection, i.e. in the direction for which the struc-
ture factor is, because of two atomic bases, zero and thus
according to the Laue theory the intensity of such a reflection
should be zero.

2. Basic formulae: the Ewald equations
We will study the diffraction of a scalar plane wave (neutrons)
Wine(r) = A exp(ik - r) ¢y
(where inc = incident) on a system of scattering centres fixed
at points
R, =R, +r,, 2

where R,,, with m = (m,, m,, m;), is a lattice point and r,,

m’

v=1,2,...,s, is the position vector of atom v in the unit cell.
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Considering the point-like scatterers characterized by scat-
tering lengths O, the Ewald equations read (Dederichs, 1972;
Sears, 1989)

X lk
W(E) = W, (1) — ZQve p‘ va, Dormy. 6o
d>'"(R )= W (RE)— Z, 0 exp(ik|R{f1 — R,“l|)
e n,v#m, ! ‘Rﬁ - R:l}
x PU(R,). (3b)

where W(r) is the total field at the point r and ®}}(Ry,) is the
field incident on the scatterer at Rk, (the local field). The prime
in equation (3b) indicates that the interaction of the scatterer
with its own field is excluded.

Further we will consider a crystal slab specified by a set of
vectors

R,, = mja; + mya, + mja, 4)

where m,m, =0, +1,+2,..., +oo;my; =0,1,2,..., N.The
origin of the orthogonal coordinate system Oxyz lies at the
lattice point (0, 0, 0), the plane Oxy coincides with the
entrance crystal surface plane (a;, a,), and the axis Oz (the
unit vector €;), vectors ay and a, X a, point into the crystal.
Furthermore the lattice (g;, g,, g;) is reciprocal to the three-
dimensional lattice (a,, a,, a,), i.e. g - a, = 278, (i, k=1,2,3),
whereas the lattice (b;,b,) is reciprocal to the two-
dimensional lattice (a,, a,), i.e. b;L&;, b, -a, =278, (i, k =
1,2). Thus b; = g'll, b, = gg, with ¢!l denoting the component
of the vector ¢ parallel to the surface.

Considering diffraction on a crystalline slab possessing the
two-dimensional discrete translation symmetry in the plane
(a,, a,), the total field [equation (3a)] composed of the inci-
dent plane wave and the spherical waves excited by the scat-
terers may be expressed as a superposition of plane waves with
the wavevectors K ,(k) and K (k) in the transmission (Laue)
and reflection (Bragg) geometry, respectively, given by
(Litzman, 1986)

K;q(k) = kH +pbl + qb2 + €; pqz(k) (5)

with p, g being integers, where according to the photon energy
conservation
| 172
Kyek) = +[ 1 = (k! + pb, +qb,)"] ©)
From equation (6) it can be seen that there is a finite number,
say n, of different couples (p, g) (depending on the wave-
length A of the incident radiation and the angle of incidence y)
yielding 2n radiative waves with real K,,,.(k). Other (p, q)
correspond to non-radiative waves with pure imaginary
K, (k).

Furthermore, note when studying the diffraction on a slab,
three-dimensional lattice sums in equations (3a) and (3b) are
decomposed into sums over n, in the direction perpendicular
to the surface and two-dimensional ones over (n,, n,) in the
surface plane, which may be transformed into rapidly

convergent sums over (p, ¢) in the two-dimensional reciprocal
space.

In our former paper (Dub & Litzman, 2001a) we found the
solution of the Ewald equations in the case of the diffraction
by a single atomic plane:

2miA

la, x a,|

Xy {i ow, exp[—zr
r.q Lv=l1

W(r) = Aexp(ik -r) —

v’ (pbl + qbz)]}

1 |exp (iK‘ . r) for z <0 ™
K,y | exp(iK, -x) for z>0
It is worth noting that the unit-cell structure factor
F(G) = Y. 0, exp(—ir, - G), ®)

v=1

where G =u,g + u,g, +u,g, is the three-dimensional
reciprocal-lattice vector, is replaced in equation (7) by an
expression
Y- Q,w,exp[—ir, - (ph, + gb,)], ©)
v=1
where w, (being slightly different from unity) are amplitudes
of the local field of basis atoms.
The case of a stack of planes is more complicated (see
Litzman, 1986°) as the local field ®7(Ry,) in a slab is given by
the superposition of plane waves (equation L28),

O(Ry) = exp[ik! - (mya; +mya, +1,)] [z, ]

(n)

XZ

2mi
( )exp (lmgw ) (10)

which are determined by parameters y; related to the z
components  of the local-field wavevectors k; =
k' + (1/2m)(y; — k' a)g, =kl + k;.e; [see equation (12b)
in Dub & Litzman (2005)]. The parameters ¥, amplitudes
uM(I/fj), m=1,2,...,s, and coefficients ¢; can be obtained
when introducing equation (10) into equation (3b). Thus we
found that ; are roots of the equation (L18)

det A(y) =0, (11

which is an analogue of the dispersion equation of the Laue
theory, and u,(¥;), u,(¥;), ..., u,(¥;) are solutions of the
homogeneous system of linear algebraic equations (120)

ui (V)

()
A(wl-) . =0. (12)

u,(v;)
Here A(y) [see (L19)] is a square matrix of order s which is
determined by the unit cell. Furthermore ¢; are given by the

inhomogeneous system of linear algebraic equations (L37), an
equivalent to boundary conditions,

2 The prefix L will be used to indicate formulae from this paper.
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c 1
C, 0

H| . | = —Ak.exp(—ia; -K)| . (13)
Con 0

where H [see (L35)] is a square matrix of order 2n, n being the
number of radiative (diffracted) waves.

In the next section we will deal with designing matrices
A(y) and H in the case of an ideal silicon crystal.

3. Multiwave matrix formulation of Ewald theory for
silicon

Applying the matrix formulation of Ewald theory explained
above to a silicon crystal Si(001), instead of the conventional

unit cube of a face-centred cubic (f.c.c.) lattice containing four
lattice points, we use the primitive unit cell® defined by

a a a a
a, = (a,0,0), 32:(5’5’0)’ a3:(§,0,5), (14)

with a = 0.5430 nm, two identical motionless silicon basis
atoms being placed at points
1 a a a a
=(-,-,-). 15
2(32“'* 2) (444) (15)

Then the matrix A(y) defined by (L19) is of order 2,

r, =(0,0,0,), r,=

(n)

A(w) =L-C- Z [L(_w’ _ep_q)qu + L(w’ 6;1)qu]’

(16)

where I, is the unit matrix of order 2, the matrix C renders
interactions among the scatterers in one crystal plane and the
sum over (p, q) expresses interactions among different atomic
planes. Matrices

2mi
B,=————-—"p,-°b/ and
1z |a1 % az| e 1 Pq
2mi 1 2T
D, = |a <a | d, -"d, (17
1 2 [ pgz

reflecting the structure of a unit cell are dyads of order 2
formed by the column vectors (matrix d” is a transpose to

matrix d)
1 — 2 — Q 1
Pe exp(ir, - t,,) || 7 exp(—ir, - t,)
1
13 _ 2
by = exp(ir, - 1) |’ 4y = exp(—ir, -t ) |

Here [see also equation 5)]
=pb, +gb, te;K, =K, —k! (18)
and

Q = Qy/(1 + ikQ,) (19)

3 Using the conventional unit cube the matrix [equation (16)] would be of
order 8.

with Q, being the bound scattering length; for silicon Qg =
4.1 fm (Rauch & Petraschek, 1978). Further

(n) .
2miQ
C=—0SWL+) (-
’ Pq ( |a1 X a2| P‘”)

0 exp(—ir, - t,

)
pq

, 20
exp(ir, - t,) 0 20)

where S§’'(k) is the intraplanar optical lattice sum given by
(L16), which is essential for evaluating the local field,

Z/ exp(ikn a, + n,a,|)
Ina; + nya,|

27i 1

o ik @1)

pq for Kz real = Pgz

S'(k) = eXp[ik” - (mya; + mya,)]

(111,12)7#(0,0)

— Re S'(k) +
la; x a,|

with |ReS'(k)| ~ 2w/ak* ~ 1/a in the region ak ~1 (see
Appendix A). Finally,

exp(if)
exp(iy) — exp(if)

results from the plane-wise summation, and the quantities 9;]

Ly, 0) = (22)

and ¢, are determined by the geometry and the wavelength
only,
Oy = 0,,(K) = ;- K, (K), (23)

where K ,(K) is defined in equation (5) with K, (k) being real.
Thus the sum over (p, g) on the right-hand side of equation
(16) is carried out over a finite number n of different couples
(p, q), which is denoted by Z(")

Let us note that the diagonal matrix elements A;; and A,, in
equation (16) describe semi-infinite crystals with one atomic
basis, and the non-diagonal ones A, and A,, containing terms
exp(Lir, - pq) render the interaction of these two crystals
shifted by the vector r,.

By inserting the expressions of Q and §'(k) [equations (19)
and (21)] into equation (20) we can express the matrix A(y)
through a matrix A°(y) which is determined by the bound
scattering length Q,

AW) == AO(I#) (24)

Here

()

Z [L(_Vf’ _Q;q

pa

Ay =L -C" - )By, + L(¥. 6;,)D,,]

(25)
with B0 and D?_ being given by equation (17) where Q has

Pq

been replaced by Q,, i.e.

1 exp(—ir, - t
ng — IIB . . - p( 2 pq) ,
exp(ir, - t,,) 1
) 1 exp(—ir, - th
D). =iB,, o b (26)
exp(ir, - t;, 1
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and C° is given by equation (20) where Q has also been
replaced by Q, and S'(k) is replaced by ReS'(k) +

(27-[1/'31 X aZD quforK . real 1/ qu’

= (—QORe S'(k)+i Z ﬂpq>12
pq for B, real

) exp(—ir2 “t )
+i L @7
2/31; l exp(ir, - t;rq) 0 @)
In equations (26) and (27) we have introduced
27 Q 1
Brg = : = h K (28)
‘31 X a2| Pqz paz@3z
with
a, xa 1
_ | 1 2| _+t a9 (29)
2mas, Q, 2w Q,
being the fundamental parameter of our theory; in silicon
hy = 0.21 x 10°.

It is worth noting that in A°(y/) the bound scattering length
Q, appears instead of Q since the imaginary part of Q~!, being
equal to k [see equation (19)], cancels exactly with the term
—k in the imaginary part of the intraplanar lattice sum
[equation (21)] (Dub & Litzman, 2005).

To facilitate the solution of our problem we will use the
matrix A’(y) instead of A(v). Substitution of equation (24)
into equation (12) gives an equation for the amplitudes

0 uy(v;) || _
A'(v;) B | = 0 (30)
where 1, are roots of the equation
det A°(y) = 0. (31)

The dispersion relation [equation (31)] has poles for
6y, +2mm and 0, + 27m. As B), and D) are dyads there are
2n solutions of the dispersion relation, each solution ¥; being
associated with one pole 6 and/or 6, . We denote them by
Y, and ¥, respectlvely The dlstance |yt — 6F,| and/or
[, — 0,1 is of order hy !. Note that by 1ntroduc1ng a small
absorption, i.e. putting Q, = Q, + i0~, Im v}, > 0 holds. The
important case arises when the pole 6} (k) and/or 6,(k) and
the pole 6 (k) almost coincide (modulo 2m), the former case
representing the Bragg diffraction condition for the trans-
mission geometry and the latter for the reflection geometry
[see Dub & Litzman (2005)].

Next we evaluate the amplitudes c¢; of the local field
[equation (10)]. Introducing the notation

Yia = exp(ib) (324)
for all n real 6, and all n real 8, and
X = exp(ivi) (320)

with ¥, and v; being solutions of the dispersion relation
[equation (31)], the square matrix H of order 2n in equation

0 .
w, (V) = (Q/Qo)u, (): (13) reads
1 IH 12H
H=
21 H 22 H
+ + + + + | + - + - -
aOU (WOO) aOO (t//p(/ ) aGU (wm') : aOO (WUO) aUO (wpq ) cxOO (t//mr)
+ + | — + - +
00 ~ Yoo X g y 00 Xuw — Yoo : Xo0 ~ Yoo Xpq y 00 Xw — Voo
+ i + + + ! + - - + -
a;, (vin) a, (v;,) a,vn) 1 (va) a,(v,,) a;,(v..)
- + + + + - + - + - +
'x()O - y P4 ‘qu - y Pq w y P4 i x()() - y Pq X Pq - y P4 w y Pq
: : : ! : : :
+ + + + : + - + -
a, (‘//00 ) a, (qu ) A, (W,w ) : a,, (V/()U) a,, (qu ) a, (Wuv)
+ + + + + + | - + - + - +
xOO ym' qu - yuv ‘xuv - ym' : xOO ym' qu yuv w yuv
Y Y Y A RV Y e Y Y. RVEERNZE
aOU (WUO )(xUO) a(lU (qu )(qu ) a()() (Wuv )(xm ) : a(JO (W(][) )(xUU ) aOU (qu )(qu ) clUU (‘//lll‘ )(xm
+ - + - | - — - —
xOO il y()() pq yOO xuv - y(JO : xOO - yOO pq yOO xm' - yOO
" L AN B & L AN B i L AN+ : B B AN+ B B AN+l B B AN+
rq (W()U )(‘x()() ) apq (Wﬁq )(‘qu ) a/lq (l//uv )(xuv ) : apq (t//()() ) (xU()) apq (qu )(‘qu ) apq (Wuv )('xuv )
+ — + — | - - - -
Xoo = Vg Xpq =Y Pa Xy =V py : Xo0 = Vpy X g =¥ g Xy — Vg
: : : i : : :
+ \ N+ _ & 4 N+ N+l : _\N+l _ _ _ N+l N+l
m (‘f’/()(] )(xﬂ()) am (qu )(qu ) m (Wuv )( uv ) : am (‘//OO)( ) auv (Wp(/ )(qu ) u» (!I’/m )( m )
o r I
xOO i ym' pq ynv m ym | xOO - ym' p{/ ym xm. - yuv
(33)
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Here [cf. (L34)]

o (Vir) = Qo[ (Vi) + (Vi) exp(—ir, - 17,)]  (34a)

o (Vi) = Qolud (Vi) + 3 (Vi) exp(—ir, - £5,)]  (34b)
with uf,(/7;) being given by equation (30) reflect the structure
of a unit cell.

If we inject the plane-wave superposition [equation (10)]
with the coefficients c;, given by equation (13), and the
amplitudes uﬁ(l/fj), given by equation (30), into equation (3a)
we get the external wavefunctions W=(r) and W™ (r) above (z <
0) and below (z > Nas,) the crystalline slab, respectively. In
particular, using (L29) and (L38) the wavefunction for z <0
(in the Bragg geometry) reads

(n)
U=(r) = U, (1) + D W5 (1), (3%)
P4
where
- . k, detM,, -
W, (r) = —Aexp(—ik - a3) K, det Hpq eXp(lepq)
X exp(iK;q . r) (36)

is the wavefunction of the (pq)-diffracted beam. The matrix
M,,, of order 2n differs from the matrix H defined by equation
(33) in the first row only. Its first row reads [cf. (L40)]

H(MI;I)L/'
Gy (V00) 4 (Vpg) (Vi)

x0+0 ~Ypa Xpqg ~Vpq x:trv ~ Ypq
% (V0) 2 (V) %y (V) ||
Xo0 — yp_q xp_q - yp_q Xy = y;q
(37)

Equation (35) is the exact multiple-beam solution of the
Ewald equations (3a), (3b) for the Bragg case which is valid
for any wavelength, any angle of incidence and for both
coplanar and non-coplanar diffractions.

In the following we will consider reflection on a semi-
infinite crystal (N — o0). Introducing a small absorption
(xr YW = exp[i(N + 1)¥7,] — 0 holds for all (mn) and thus
both >’ H — 0 and *'M,, — 0, H ='M,_ are submatrices of
H and M,,,. Therefore

det M;q _
detH

n- 20—
_ det Mpq det Mpq
det'"H det2H

As zsz_q = 22H we get finally

det Mp_q
detH

1ng—
_ det Mpq
det!'"H °

(38)

To evaluate the quotient [equation (38)] determining the
wavefunction [equation (36)] is the crucial point of our
development.

4. Two-beam case

In the following we will handle the case when one pole of the
dispersion equation [equation (31)] only, say 6, in the Bragg
(reflection) geometry may approach 6,, which yields the
Bragg diffraction condition, i.e.

9(7)?) - 9; =2nl + Nysts (39)

with / being an integer and n,,;, — 0, the other poles being well
separated from both g}, = a, - k and 0;; = a, - K, (two-beam
case). Note that the corresponding diffraction vector is
G, =rg, +sg, —Ilg; with h=(r,s,—/) (Dub & Litzman,
2005). It is a straightforward matter to evaluate the relation
between our parameter 7,,; and the departure from Bragg’s
angle of the incident beam A® = ® — O [see equation (83)

in Dub & Litzman (2005)] for the coplanar case,

My = 3.k %Sin(2®B)A® + 0[(a0)’] (40)
rsz
where the component of the reflected wave K, , is given by
equation (6) and ®y is the Bragg angle.

As each solution of equation (31) ¥f, (1,,) lies ‘very’ near
the corresponding pole 6, (6,,), matrix elements on the main
diagonals of "H and "M, are of order h,, whereas those
outside the main diagonal are of order 1. Furthermore, as
matrices H and M differ in their first rows only, the quotient
[equation (38)] determining the reflectivity of a semi-infinite
crystal becomes

detM,, det""M,, o, (Vo) exp(ivigy) — exp(ify)
detH ~— det"H  of(v) exp(ivg) — exp(ify;)
x [1+0(hy?)] (41)

where ¥, is to be found from the dispersion relation [equa-
tion (31)]. Within the two-beam case we rearrange the matrix
A’(y) defined by equation (25) as follows:

A'(Y) = L + @y, (¥) — L(=¥, —6,)B}, — LV, 65) Dl

(42)
where

@, (V) = - ¥ L(_I/f’ _91;1)]321
(kD)#(rs)

- Y L(y.65)Dy
(k1)#(00)

(43a)

comprises terms of order 4y ! rendering multiple reflections in
one crystal plane (the matrix C”) and the influence of all other
beams than (rs) on ¥, and thus on the reflectivity in the
direction K, [the sums on the right-hand side of equation
(43a)]. When looking for v, lying near the pole 8, we may
adopt the following approximation:

Y1 P

, 43b
¥ Pn (43)

(1) = BI) = D = ’

where ¢; = O(hg'), i,j = 1,2. The matrix elements @; are
evaluated for the symmetric reflection in §5 [see equation

(73)].
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Adopting the approximation [equation (43b)] and taking
into account that matrices D), and B, are dyads, the disper-
sion relation [equation (31)] in the two-beam case {where the
Bragg diffraction condition [equation (39)] holds} yields the
second-order equation in exp(iy/),

det(I, + @) + L(, 0) L(—, —6;,)d — L(¥, 05)b

— L(—y, —0)c =0, “4)
where
b = 2iBy, + iy [‘Pn T ¢n — ¢ exp(ir2 ) t&)
— ¢ exp(—in, - 1), (45a)
c= Zi,Brs + iIBrs [(pn + @ — @1 exp(irz . t&))
— ¥y GXP(—irz . tao)], (45b)
d= Dioi Diora B, B,
B, B, DY, DY,
r, - (th — t, )
(46)

Considering equation (18) and the identity in equation (46)
K{, =k we have introduced the scattering vector Q =
—(t§, — t) = K, — k. It is worth noting that the d parameter
[equation (46)] which is governed by the term r, - Q deter-
mined by the structure of a unit cell and the scattering vector
plays a crucial role in our development. Furthermore, note
that the second terms on the right-hand sides of equations
(45a) and (45b) being of order Ay must be kept, as they are
important when we evaluate the reflectivity of forbidden
reflections.

Equation (44) yields the following expression for exp(iy/):

exp (iw&))

. exp[—i(n,/2)](be) Yy — (b + d)
= ot)11 — 47
exp(l 00){ det(I2 + (I)) s s ( )
where we have introduced
Y, =Y, —sign[Re (Y,)](Y, —8)" (48)
with
;= ! d+b+c) cos(n”l)
T 2 (be)' 2
d+b ,
+ 2i|:det(12 + )+ %} sin (%) } (49)
and
d
§=1-— b—det(l2 + @), (50)
c

which, as we will show in the next section, approaches one or
zero for allowed and forbidden reflections, respectively. Note
that the quantities [equations (48) to (50)] depend on the
parameter 7,,, equation (39) expressing the departure from
Bragg’s diffraction position.

Next, considering equations (36), (41) and (47) we find that
the wavefunction W5 (r) of the diffracted beam in the direction
K;, (the Bragg geometry) on a semi-infinite crystal

. k. o (V) L(¥. 0;)

1\ =-A
rs(l') sz a(;ro (w&)) L(wa:)’ 98?))
x exp(iK;; - r) (51)

[1+0(r7)]

is determined by the product of the L quotient

L(V5.0,) _exp(ivgo) —exp(ifyy) o .
= xpli(6,, — 6,

L(¥io- o) exp(ivriy) — exp(it;) Pl 00)]

_ ( . nr:l) —d —2i Sln(nrsl/z)(bc) rtl
= exp( —i
2/ =2iesin(,y/2) — dexpli(n,4/2)]

(52)

and the « quotient [see equations (34a), (34b)]
o, (Vi)
o0 (Vo)
_ 1+ [ug(w(%)/u?(w(%)] exp(—ir2 . tf{o) exp[ir2 . (taro — t,j,)]
L+ [u9 (W) /ud (W) ] exp(—ir, - t5,) '

(53)
Apparently, equation (53) is governed by the term
r, - (tf, —t.)=—r,-Q and, as we will show in the next

section, approaches one or zero for allowed and forbidden
reflections, respectively. To evaluate equation (53) we use
equation (30) yielding u3(yrg)/u} (W) =—A%1 (V) /A% (Vro)-
When replacing the matrix elements A, (lﬂm) and A% (¥, by
equation (42) with the approximation [equation (43b)] we
obtain that the ratio of the amplitudes of the local fields at
basis atom positions is given by

— iffy €Xp ll‘z t00) + [‘/’21 + if,s exp(ir, 't;)]/L(w(To, 9&))
+l[L %0, rs /L ‘/fOOvQSE))]ﬂm exp(ir, - tm)>
X1 =iy + 1+ @y + lﬁm)/L(Woo’ 932))

L. 65) /L (v 65)]s } . (54)

Equation (51) is our essential result which will be used for
both allowed and forbidden reflections.

5. Allowed and forbidden reflections

The intensity of the diffracted beam is affected by the posi-
tions of atoms in the unit cell. In the Laue theory the influence
of this arrangement on the diffraction intensity is given by the
structure factor [equation (8)], which is the three-dimensional
Fourier transform of the periodic potential of the three-
dimensional infinite crystal lattice (see e.g. Authier, 2001).
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Considering the primitive unit cell [equation (14)] the three-
dimensional reciprocal-lattice basis vectors are

1 1 1 2 2
g =2nl-,——,——), & =2m(0,-,0), g =2n(0,0,—-),
a a a a a

(55)

and the geometric structure factor of the basis formed by two
silicon atoms at the positions [equation (15)] for the reflection
with the diffraction vector G, = rg, 4 sg, — Ig; becomes

F(Gy) = F(G,)/Q = exp(—iGy, - 1) + exp(—iGy, - 1,)

=1+ exp[—in(—%+s - l)]

ﬁ'(Gh) =0 for s — 1 — r/2 being odd

so that*

(56a)

f’(Gh) =2 for s — 1 — r/2 being even. (56b)

Reflections with F(G,, ) =0 are called forbidden whereas
the others are called allowed. We keep this terminology in our
theory although the reflectivity of the forbidden reflection will
be shown to acquire significant non-zero value in a very
narrow interval.

On the other hand, in our theory, which takes into account
from the very beginning the two-dimensional symmetry of the
slab, the influence of the basis [equation (15)] on the diffrac-
tion intensity is rendered by the term exp(—ir, - Q) deter-
mining the d parameter [equation (46)] and the o quotient
[equation (53)].

In Appendix B we have shown that the scattering vector
Q =K, — k is related to the diffraction vector,

Q:Gh—%g3. (57)
Then
exp(—ir, - Q) = [F(Gh) — 1] exp( nzml) :I:exp( r];,)
(58)
where + and — correspond to allowed [ﬁ (Gy) =2] and

forbidden [f’ (Gy) = 0] reflections, respectively. Using the
above result the d parameter [equation (46)] reads

Nrst

d = —4B,B,.sin’ A (59a)
for allowed reflections and
~4f 008’ 12! (59)

for forbidden reflections, and the o quotient [equation (53)]
becomes

o () 1+
oo (Vi)

(148 (i) /2 (W) ] exp (—ir, - t5) expli(,/2)]
1+ (3 (vo) /(W) ] exp (i, - 1)

(60)

4 In both cases r is considered to be even. The case with r odd yielding allowed
reflections with a complex structure factor will not be discussed here.

with + and — corresponding to allowed and forbidden
reflections, respectively. Consequently, in the former case
equation (60) is equal to 1 + O(n,,,) and in the latter it is equal
to O(7n,y)- Then it may be supposed that the wavefunction
[equation (51)] for a forbidden reflection, being determined by
the product of the o quotient and the L quotient, is of order
O(n,y), but that is not the full truth. We find there is a very
narrow interval on which the L quotient [equation (52)]
becomes very large so that the reflectivity for a forbidden
reflection approaches one in this interval [see equation (70)].

Next we will discuss the cases of the allowed and forbidden
reflections separately. While the mathematics of the former
are straightforwalrd,s those of the latter are cumbersome to
describe the subtle effects one needs to consider in terms of
orders both Ay! and hy2.

(i) Allowed reflections. Inserting the d parameter [equation
(594)] into equation (50) we get § =1 + O(n,;). Then equa-
tion (48) takes the form

Y, =Y,

- Slgl’l( rsl)[ rsl -1+ O(h()_l)]l/2 (61)

with [see equation (49)]

Y,q(n,) = 28 ,3 )1/2 [(:300 + B, + nrsl] [1 + O(hal)]

B 1 sz 1/2 N kz 1/2
B 2 kz Krsz

h
+ ?Oa,%z(szrsz)l/znrsl} [1 + O(h(;l)] . (62)

As the d parameter is of order hy* for the allowed
reflections the L quotient [equation (52)] is simplified to
exp(—in,/2)(Buo/B,)""> Yyl + O(hgh)]. Furthermore, as the
a quotient [equation (60)] is equal to 14 O(n,,) for the
allowed reflections the wavefunction [equation (51)] becomes

k 1/2
W= (r) = A(—1) exp(—ik - a,/2) <1<Z )

X [Yrsl - Sign( rsl)( rsl 1)1/2] [1 + O(hal)]
x exp[iK}; - (r + a;/2)]. (63)

The last equation has the same form as equation (11) of our
former paper (Dub & Litzman, 2001b) deduced for the crystal
with one atomic basis. Comparing equation (10) in Dub &
Litzman (20016) with equation (62) we can see that the
influence of the basis is rendered by the term 4,/2 in the Y
parameter [equation (62)] instead of A, describing a crystal
with one atomic basis. Finally, note that phase factors
exp(—ik - a;/2) and exp(iK, - a;/2) express the shift of the
entrance crystal surface above the uppermost atomic layer
my; =0 by a;/2 as mentioned already by Dub & Litzman
(2001b).

5 Here we do not consider extreme cases outside the scope of the standard
dynamical theory. Handling special situations, such as e.g. the (allowed)
diffraction at the Bragg angle near 7/2, is cumbersome too as terms of orders
both h;! and h;? have to be considered (Litzman & Dub, 1990; Litzman et al.,
1996).
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Having found the wavefunction, we evaluate the reflectivity
of allowed diffractions,

2
<
Kr\z | rs

ke [
[1 +0(h")] (64)

1/2|2

Irjl(nrsl) = |Yrsl(nrsl) - Sigl’l( rsl)[ rsl(nrsl) -1

with h = (r, s, —I) specifying the diffraction vector. The
condition for the total reflection |Y,;| <1 yields the Darwin
table of the width [cf. equation (3.7) in Litzman et al. (1996)]

Dallowed

= 8(}300‘3”)1/2 (65)

being of order 45!, and the deviation from Bragg’s angle of the
middle of the reflection domain
Mt = —2(Boo + Byy)- (66)

Finally, note that our formula [equation (64)] corresponds to
equation (4.42) in Authier (2001), derived in the frame of the
Laue diffraction theory, when replacing Y,; by Authier’s
deviation parameter 7, which is also equal to the y parameter
defined by equation (9.23) in Rauch & Petraschek (1978) [for
details see Dub & Litzman (2005)]. However, our result is
valid for both coplanar and non-coplanar diffractions.

(if) Forbidden reflections. Inserting the d parameter [equa-
tion (59b)] into equation (50) after some algebraic manip-
ulations, we get that § is now of order Ay 1

1 1
= —(¢1 + @21 COS("z too) + (o — %2)2 + 5(9011 + ¢x)

4
X (@12 + 1) cos(r2 : t&)) (‘Plz + ‘P%1 + %2‘/’21)

X cos (1'2 too) + - (‘Plz + ‘le) + (7721) (67)
Then Y, = Y, — sign(Y?, — 8)'/%, with Y,, given by equation
(49), is of order hy'. Using this result in equations (52) and
(54) we evaluate the o quotient and finally, after some lengthy
algebraic manipulations, we get the wavefunction expressed
by equation (51),

Us(r) = —A(-1) exp(—ik . a3/2)
« k, B
Koty + 2B + By) + WS + O(hy?)

x [ W+ 0(n?) | expli - (r+2,/2)]  (68)

where

12
W =i o(f) Ty
2 ﬁOO

+ [‘le exp(—irz : t&))

— o exp(ir2 . t(}LO)] (69a)

is of order A;!, and

2 _ ﬁrs 2 —
Wrsl 213 00 /3 Yrsl

00

Nys, .
( L4 ,300)[3‘/)21 exp(—er : t&))

. an . —
+ ¢ eXP(”'z : t&))] + 2[ {‘Pn + @ — [§012 exp(ir, - ty))
. _ . M,
+ ¢y exp(—ir, - too)]} + 1(4/30013m + NBoo + TIﬂrS)

(69b)

is of order hy>.

Finally, the reflectivity of the ideal Si(001) crystal, which is
valid for both symmetric and non-symmetric and both
coplanar and non-coplanar forbidden diffractions, reads

2
KY.YZ ; kZ
m(nm) - k }}\Il ||2 = K.
ﬁﬂO‘erl)(hOI ’
X 7.
[+ 200 + B0 + Re[ W2 (1%) ||+ [im[ w2 (15%) ]}
(70)
Analysing equation (70) we see that for 17, =

—2(Byo + B.,) + O(hy?) the denominator is of order hy*, and
thus the reflectivity I5(n,,) is of order one here, while else-
where it is of order hy2. Consequently, there is a very narrow
peak in the reﬂectivity [equation (70)] in the vicinity of
Nty = —2(Byy + B,s) [see also equation (66) derived for the
allowed reflections]. Note that the reflectivity peak width of
forbidden reflections is of order hy2, whereas the DTW of
allowed reflections is of order h;! [see equation (65)]. Thus
the ratio of the widths of the former and the latter cases is of
the order Q,/a ~ 10~ which agrees with the result by Igna-
tovich et al. (1996) obtained for symmetric reflections.

5.1. Forbidden symmetric reflection of the Si(001) crystal in
the Bragg geometry

As an example we will concern ourselves with the forbidden
(I is odd) symmetric [(r,s) = (0,0)] reflection. Here the
deviation from Bragg’s angle of the middle of the reflection
domain 7§, = —4pB,,, the Bragg diffraction condition [equa-
tion (39)] reads

04 — 6y = akcos yy = 27l (71)

and
r, -t = +(ak cos yB)/4 = :I:gl (72)

with y = /2 — ®p being the angle of incidence (measured
from the inner normal to the surface) at the Bragg reflection.
In the following we consider that / = 1. Then equation (28)
yields By, = —2(Q,/a) and the Bragg angle equals O =
arcsin(A/a). Furthermore, averaging over oscillations in
equation (43a), matrix elements in equation (43b) read

O = @ = —iByy + B> P12 = ¥ = Boo> (73)
where the term
o = QyRe S'(k) /By, (74)

being of order one, expresses local-field corrections.
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To evaluate the reflectivity Iy, in the vicinity of
N1 = —4PBy We express the deviation parameter 17, as

Noor = Moor + 4,3305

with £ being of order one. Considering equation (75), using
equation (72) and adopting the approximations [equation
(73)], the &8 parameter [equation (67)] reduces to
8§ =283 + O(h;?), equation (49) yields Y, = —By(& — 0)
+ O(hy %), and equations (69a) and (69b) give W(()(l])1 =
Wiy + O(hg?)  and WG = 2By Y5, — 430 + O,
respectively, with [see equation (48)]

(75)

1?&)1 =Yoo — Sign(Yom)(ng - 5)1/2
= Bu]—(& — o) + sign(e — [ — o)’ 2]} + 0(?).
(76)

Finally, inserting the above formulae into equation (68) we get
the reflectivity®

< __ |\II0<0|2 _ i“’()_()1
1001 - 2 = <
\‘I’inc| 2By (& — o) + Yy

'—(s — 0) +sign(€ — 0)[(§ — 0)* — 2]/

2

)

(€ — 0) + sign(§ — 0)[(§ — 0)* — 2]

From here we can see that if =212 <& — o <22 holds, the
reflectivity [y, equals unity whereas outside this interval it
goes rapidly to zero. Hence we may conclude that there exists
the Darwin table of the width

2
Dl =5 g, =20 (2) o
centred at 7' 4 4830 = 8(Qy/a)[1 +2(Q,/a)o] in the
forbidden symmetric reflection (see Fig. 1). Note that o
defined by equation (74) causes a tiny shift of the table centre
while it does not affect the table width.

Finally, we put down the angular width of the Darwin
table |A®|ppr of the forbidden reflection, and the angular
deviation from Bragg’s angle of the middle of the reflection
domain, A®, = ®, — ®5. Considering equations (40) and
(71) with I =1, we get for the symmetric Bragg reflection
(001) that |A®lpyr = (D" /27)tan Oy and AO, =
(M501 / 27) tan Oy Inserting here for DPd%" from equation
(78) and n§y, = —4By = 8(Q, / a), respectively, we obtain

16(2)"? :
|AB|gpr = @ <%) tan Og (79)
b4 a
and
4
AO, =— <%> tan O, (80)
7\ a

where ®p = arcsin(A/a) is yielded by equation (71). Consid-
ering diffraction of thermal neutrons (A = 0.1 nm) on a single

¢ When using the conventional unit cube notation this case represents the
(002) diffraction.

Si crystal (Q, = 4.1 fm, a = 0.5430 nm) we get |AO|pr =
1.6 x 1075 arcsec and A®, = 0.4 arcsec.

6. Summary and concluding remarks

In this paper we have treated the diffraction of neutrons on an
ideal semi-infinite single silicon crystal Si(001) as a multiple
scattering problem based upon the Ewald equations (3a), (3b).
As we have considered from the very beginning the bordered
crystal, we have naturally overcome the boundary conditions
problem which, as pointed out by von Laue (1941), is ‘the
weakest point of the dynamical diffraction theory’. The
question of where to locate the boundary taken as a mathe-
matical plane is of fundamental importance particularly in
crystals with a distributed cell content (Juretschke, 1992). We
have found {see wavefunctions [equations (63) and (68)] for
allowed and forbidden reflections, respectively} that a math-
ematical boundary plane lies above the uppermost atomic
layer, the shift vector being equal to a;/2. Thus we have
confirmed the result which we already derived for the crystal
with the cell containing one atom only (Dub & Litzman,
2001b). Furthermore, when considering from the very
beginning the two-dimensional translation symmetry of the
problem, we have found that no structure factor being the
Fourier transform of a three-dimensional crystal appears.
Instead, in our development the influence of the two atomic
silicon basis on diffraction intensity in the direction Kj; is
rendered by the term exp(—ir, - Q) with Q = K, — k being

A
1.04
e
=
5 FDT
Q
=
QQ
[aet
0.5
| I
| I
il i | 5 )
=1 0 1 6 — 6, (107" arcsec)
FDT
: I T T 1 T T T >
0.0 03 Ap 0.6 © — O (arcsec)
Figure 1

Reflectivity profile of the forbidden symmetric (001) reflection on the
Si(001) thick crystal. The deviation from Bragg’s angle of the middle of
the reflection domain is given by equation (80), A®,=
®, — Oy = (4/7)(Q,/a) tan Of = 0.4 arcsec, where Oy = arcsin(A/a) =
10.6°. The angular width of the forbidden Darwin table (FDT) is
given by equation (79), |A®|mpr = [16(2)"/?/7)(Q,/a)* tan Oy =
1.6 x 107> arcsec. Numerical values characterize diffraction of thermal
neutrons (A = 0.1 nm) on a single Si crystal (Qy = 4.1 fm, a = 0.5430 nm).
Using the conventional unit cube notation this case corresponds to the
(002) reflection. (Note, if the reflection was allowed the Darwin table
width would broaden, becoming 2A®_.)
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the scattering vector. The term exp(—ir, - Q) acquires oppo-
site signs for allowed and forbidden reflections [see equation
(58)] and thus affects substantially the value of the d para-
meter [equations (59a), (59b)] determining the solution of the
dispersion relation [see equations (47) to (50)], and also the
L quotient [equation (52)] and o quotient [equation (60)]
controlling the wavefunction of the reflected beam [equation
(51)]. Moreover, the scattering vector is related to the
diffraction one by equation (57), Q = G, — (1,,,/27)g;. While
in the case of allowed reflections the scattering vector Q may
be put equal to the diffraction vector G,, the small correction
given by the parameter n,,; [equation (39)] expressing the
departure from Bragg’s diffraction position must be consid-
ered and provides the narrow Darwin table to forbidden
reflections. Finally, note that, applying the matrix formulation
of the Ewald theory to a silicon crystal, instead of the
conventional unit cube of an fc.c. lattice containing four
lattice points, we have used the primitive unit cell containing
two Si atoms.

In summary, the main results of our paper are the dispersion
equation (44) and formula (51) for the wavefunction Wy;(r) of
the reflected beam in the direction K, in the Bragg geometry.
By using them, we have analysed the cases of allowed and
forbidden reflections. Whereas in the former case our reflec-
tivity formula [equation (64)] corresponds to that derived in
the frame of the Laue diffraction theory, in the latter one we
have found that unlike the Laue theory predicting zero
intensity there exists a very narrow peak in reflectivity
[equation (70)], which is the result of the broken symmetry
due to the border of a crystal. The results obtained hold for
both symmetric and non-symmetric reflections and for both
coplanar and non-coplanar ones. It is worth noting that
elements of the ® matrix [equation (43b)] also enter equation
(70), rendering the influence of beams other than (rs) on the
reflectivity in the direction K;, and local-field correction. In
the case of forbidden reflections we have confirmed the result
by Ignatovich et al. (1996) who found, using an artificial model
of a crystal with two identical atoms in an elementary cell, that
a forbidden symmetric reflection possesses a finite DTW
which differs from that of a non-forbidden (allowed) one by
order 10>, They utilized the approach in which the crystal is
imagined to be cut in slices parallel to the entrance surface and
the scattering on a slice is described by direct transmission and
specular reflection. The formalisms used by Ignatovich et al
and by us differ substantially. Nevertheless, their interpreta-
tion of the effect corresponds to our finding that the slight
difference between the scattering and diffraction vectors given
by the departure from Bragg’s diffraction position accounts
for the finite DTW in forbidden reflections. Furthermore, their
remark that the first plane screens the second one inside a
single period since amplitudes of the waves reflected by the
two planes are different is related to our equation (54), indi-

7 Ignatovich et al. (1996) noticed that in Ewald theory the screening is not
taken into account. Apparently, by Ewald theory they did not mean the theory
of multiple scattering of waves based on the Ewald equations (3a), (3b) [see
e.g. Ignatovich (1993), p. 590].

cating that the amplitudes of the local fields at the positions of
the first and second basis atom differ.”

Concluding, let us note that the method explained may be
applied to any crystal but matrices B,, and D,, given by
equation (17) reflecting the structure of a unit cell will change,
the order of them being given by the number of atoms in a unit
cell.

APPENDIX A
The intraplanar lattice sum [equation (21)]

Looking for the approximate value of the sum [equation (21)]
we can write (Dub et al., 1996)

o0 2w

1
S'(k) = —2/ / exp(ikr) exp(ik''r cos ¢) dr de
a
a 0

2

b4 .
= ;f exp(zkr)](,(k”r) dr, (81)

where J,(x) is the Bessel function. As [ cos(kr) Jy(k'lr)dr =0
for k!l <k, in the region where ak >~ 1 we can put approxi-
mately |Re §'(K)| = 27/ak>.

APPENDIX B
Relation between the scattering and diffraction vectors

The vector K; defined by equation (5) may be expressed as
K, = k+,g + .8 + 3. Since g| =b,, g/ =b,, we get
y1 =rand y, =s and thus K, = k + rg, + sg, + y;g; [see also
equation (84) in Dub & Litzman (2005)]. Multiplying the last
equation by a3 we obtain 8 = 0, + 27y, [cf. definition (23)].
After using the Bragg diffraction condition [equation (39)] we
get y; = —I —n,,/2m and finally

_ Nysi
2w

Nysi
2’

Q=K, —k=rg +sg —Ig, =G, — (82)

where Gy, = rg, + sg, — lg; is the diffraction vector.
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